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Calculation of Sound Propagation in Nonuniform Flows:
Suppression of Instability Waves
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Acoustic waves propagating through nonuniform flows are subject to convection and refraction. Most noise
prediction schemes use a linear wave operator to capture these effects. However, the wave operator can also
support instability waves that, for a jet, are the well-known Kelvin—Helmbholtz instabilities. These are convective
instabilities that can completely overwhelm the acoustic solution downstream of the source location. A general
technique to filter out the instability waves is presented. A mathematical analysis is presented that demonstrates
that the instabilities are suppressed if a time-harmonic response is assumed, and the governing equations are solved
by a direct solver in the frequency domain. Also, a buffer-zone treatment for a nonreflecting boundary condition
implementation in the frequency domain is developed. The outgoing waves are damped in the buffer zone simply
by adding imaginary values of appropriate sign to the required real frequency of the response. An analytical
solution to a one-dimensional model problem, as well as numerical and analytical solutions to a two-dimensional
jet instability problem, are provided. They demonstrate the effectiveness, robustness, and simplicity of the present

technique.

1. Introduction

ANY noise prediction schemes use a two-step process to

predict sound from turbulent flows. First, the sources are
characterized, perhaps in terms of amplitude, length, and timescales
obtained from a Reynolds-averaged Navier—Stokes solution. Then,
the sound generated by these sources is calculated as it propagates
through the sheared mean flow to eventually reach the observer
outside the source region. This paper addresses the second step:
how to propagate the sound from the source to the observer. The
method developed here is appropriate for relatively low frequencies
though its application is general. At high frequencies methods based
on ray acoustics or other asymptotic methods are likely to be more
efficient.

Sources of sound immersed in a jet generate acoustic waves that
are convected and refracted as they propagate through the jet shear
layer. The acoustic perturbations are so small compared to the mean
(base) state that their contribution to the jet flow itself is negligible.
Thus, the acoustic waves can be described by linearizing the fluid
flow equations (Navier—Stokes) about the mean flow. Moreover,
because viscosity has a negligible effect on sound propagation the
viscous terms can also be neglected. This results in the selection
of the Euler equations linearized about the mean flow, which in
one form or another have become the de facto standard for noise-
propagation prediction schemes.

Unfortunately, in addition to acoustic waves, the linearized Eu-
ler equations also support instability waves that, for a jet, are the
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well-known Kelvin—Helmholtz instabilities. These are convective
instabilities in which the disturbances grow as they propagate down-
stream from the point of introduction. The instability-wave solution
can completely overwhelm the acoustic-wave solution. Thus, it is
imperative for an accurate noise prediction scheme to filter out the
instability wave. In the complete physical problem the instabilities
contribute to the turbulence and are limited and modified by non-
linear and viscous effects. In that sense within the framework of
the linearized Euler equations the instabilities are nonphysical if the
actual problem to be solved is for sound propagation in a turbulent
sheared flow. It should be remembered that the inhomogeneous lin-
earized Euler equations only represent a mathematical model of a
part of the physical problem.

One of the first theoretical studies of mean-flow refraction ef-
fects was performed by Gottlieb,! who obtained far-field acoustic
solutions from a line and a point source placed near a vortex sheet.
The solution was obtained by first integrating the plane waves over
the wave numbers that make up the source. The resulting field in-
tegrals for the solution were evaluated by the method of stationary
phase to obtain far-field approximations. The Kelvin—Helmholtz in-
stability appears as a pole in the complex wave-number plane that
was neglected by Gottlieb to obtain only the acoustic-wave solu-
tion. Mani” used the same technique to predict refraction effects on
acoustic waves produced by a point source embedded in a jet that
was modeled by a plug flow. The same procedure was used by Tester
and Burrin® to obtain the far-field acoustic radiation from a point
source immersed in an infinitely parallel jet. Following a more for-
mal approach, Dowling et al.* showed that such acoustic solutions
that neglect the instability wave solution are weakly causal in that
they violate causality to maintain finiteness.

Unfortunately, realistic three-dimensional jets do not lend them-
selves to such analytical simplifications by which the instability
waves can be ignored. Asymptotic methods such as the geometri-
cal acoustics approach can be used for this purpose because they
do not suffer from the instability problem. However, this approxi-
mate method is restricted to high-frequency waves, and it fails to
predict accurately some important mean flow refraction effects in
a jet including the behavior inside the zone of silence. Ewert et
al.> proposed a set of acoustic perturbation equations to calculate
sound propagation through nonuniform flows. They state that the
resulting perturbation solution is free of instabilities. This is not
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surprising because the wave operator for the acoustic perturbation
equations matches the approximate wave operator derived previ-
ously by Pierce,® which is valid only for flowfields that are slowly
varying relative to an acoustic wavelength (high-frequency limit).
In fact, Pierce® shows that the approximate wave operator can be
reduced to the geometrical acoustics equations, thus restricting its
application to relatively high frequencies. In another effort to sup-
press the instability wave solution of the linearized Euler equations,
Bailly et al.” removed some of the mean shear terms from the lin-
earized Euler equations. Such a procedure is nonphysical, and its
accuracy in capturing the mean flow refraction effects is uncertain.
Hence, all of these approximate methods have a limited range of
validity and can fail at low frequencies.

The objective of the present paper is to develop a global approach
to suppress the unwanted instability waves from the linearized Eu-
ler equations. Through a detailed mathematical analysis, it is shown
in Sec. II that if appropriate boundary conditions are implemented
the instability waves can be suppressed from the solutions of the
linearized Euler equations simply by seeking a solution in the fre-
quency domain.

In Sec. III, an analytical solution for a one-dimensional model
problem of the coupling of two waves with different group velocities
is given. It is shown that if the problem is solved in the space—time
domain for a time-harmonic source, after posing it as an initial value
problem, a convectively unstable response is obtained. However, if
the response is assumed to be time harmonic at the source frequency
and the problem is solved in the frequency domain a stable response
is obtained.

Finally, in Sec. IV, a more physically relevant example of sound
propagation from a time-harmonic source immersed in a two-
dimensional jet is considered. The jet is subject to a Kelvin—
Helmholtz instability for the given source frequency. It is shown that
the instability is captured accurately by an explicit time-marching
solver. However, in the present approach it is desired to filter out
this unwanted instability wave and only examine the propagation
of acoustic waves. Following the theory developed in Sec. II, it is
shown that this is accomplished if the response is assumed to be time
harmonic and if the ensuing time-independent partial differential
equations are solved in space. Because the computational domain
is finite in extent, appropriate boundary conditions need to be im-
plemented. To this end, a buffer domain treatment in the frequency
domain has been developed to allow for a nonreflecting passage
of the outgoing waves. To implement this boundary condition, the
physical domain of interest is surrounded by an artificial region (a
buffer zone). In this buffer zone the outgoing waves are forced to
decay exponentially by adding imaginary parts of appropriate sign
to the assumed real frequency of the response. For reasons explained
next, it is shown that these boundary conditions ensure boundedness
in space and provide absorbing (nonreflecting) boundaries.

II. General Theory

Consider the following partial differential equation in one space
dimension x:

0 0 —iwgt
L<£, E,x)g(x,t) =45(x)e D

where L is a differential operator that is linear in time ¢ and has
no explicit dependence on ¢, g(x, ) is the Green’s function for a
time-harmonic source, and §( ) is the Dirac delta function.

Equation (1) can be posed as an initial-value problem, and then
its response g(x, ) can be obtained. Alternatively, the response
can be assumed to be time harmonic with the source frequency
because the L operator is linear and independent of 7. That is,
g(x, 1) =g(x) exp[—iwyt]. Thus, the time-dependent terms can be
factored out, and the resulting time-independent equations can be
posed as a boundary-value problem. These two cases are treated
separately in the following two subsections.

A. Space-Time Response: Solution to the Initial-Value Problem

The analysis in this subsection is based on the theory of abso-
lute and convective instabilities that has been studied by several au-
thors in the past (e.g., Briggs,® Bers,” and Huerre and Monkewitz'?).
Only some of the key ideas from the theory are described here for
completeness.

For simplicity, it is assumed that the medium is homogeneous
and of infinite extent. Application of the Fourier—Laplace transform
defined by

Uk, w) = / dxe & / dte™ u(x, 1) 2)
- 0

to Eq. (1) yields
Dk, w)G(k, w) =i/(w — wy) 3)

The space—time response is recovered by an application of the in-
verse Fourier—Laplace transform

—lwt l
8(x, t)_/er / Pk w—ay P

where D (k, w) =0 is the dispersion relation that either maps a wave
number k into the w plane [w(k)] or vice versa [k(w)]. F is the
inverse Fourier contour that is chosen to be the real k axis (k,)
(Fig. 1a). L is the inverse Laplace contour. For the response to
be causal, the L contour is placed above all of the singularities
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Fig. 1 Lowering of the inverse Fourier contour from F — F’ in con-
junction with the inverse Laplace contour from L — L’. The inverse
Laplace-contours lie above the respective w(k) maps to maintain causal-
ity. The residue at wy dominates the time-asymptotic response.
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[w(kr), wp] in the w plane (see Fig. 1b). Note that the zeroes of the
dispersion relation represent singularities in the integrand of Eq. (4).
Now the integration contour is closed at infinity in the upper-half @
plane for ¢ <0, and from Cauchy’s theorem this gives a zero result,
thus satisfying causality. The medium is unstable to perturbations
if for any kr, J[w(kr)] > 0. This can be seen by the application of
the Method of Residues for 7 > 0. An analytical evaluation of the
integrals in Eq. (4) for an unstable case is presented next.

B. Unstable Response

Because I[w(kr)] > 0 (I denotes the imaginary part) for some
kr, to maintain causality the L contour is placed above the highest
point of the map w (kr) in the upper-half @ plane. We are interested
in the response after the transients have subsided (t — 00). Such an
asymptotic evaluation becomes amenable to analytical evaluation if
the L contour can be deformed to a location L’ just below the w,
axis, except near the pole at wy as shown in Fig. 1b. Then the large
time-asymptotic response is dominated by the residue evaluated at
the pole at wy because the residues evaluated at all of the other poles
below L’ yield exponentially decaying solutions in time. However,
the L contour will intersect the map w(kr) in the w plane if it is
lowered towards the w, axis. This would violate causality. To prevent
this, the F' contour must be lowered in the k plane in conjunction
with the deformation of the L contour. Let F’ be the location of
the deformed inverse-Fourier contour that allows the L contour to
be lowered to the L’ contour while maintaining causality. Now that
the integration contour has been analytically continued to a position
below the w, axis to L', it can be closed at infinity in the lower-half
o plane for ¢ > 0, and the time-asymptotic response is given by the
residue at w = wy, which from Eq. (4) is

dk ei(kx—wot)
1 Y — 5
g, 1 = o) /F 27 Dk, ao) ®

(It has been assumed that there are no branch points in the upper-
half w plane that would give rise to absolute instabilities.” Hence
the instability is implicitly assumed to be convective. However, the
ideas in the present paper are valid for absolutely unstable systems
as well.) For simplicity, it is assumed that D(k, wy) has a simple
zero, k_(wp), where the negative subscript indicates that J[k] < 0.
If S[k(wo +io)] > 0, where o is a real, positive quantity such that
wo +io lies on L, then it is clear that the k_(wy) root in the k plane
originated in the upper-half k plane and that it has been moved
to the lower-half k plane by the contour deformation procedure.
Because k(wg + io) was above the F contour, k_(wg) lies above the
F' contour. For x > 0 the integration contour is closed in the k plane
above the F’ contour, and after the application of the Method of
Residues the integral in Eq. (5) can be evaluated as

e lk—(wo)x — wot]

Dk @y @

gx,t — 00) =

where H () is the Heaviside function. This response is exponentially
growing in the 4x direction.

If wy does not lie below w(kr), then k(wy) will remain in the
upper-half k plane, leading to a stable time-asymptotic response.
Thus a convectively unstable system is time asymptotically unstable
in space only for a limited range of source frequencies.

In the preceding analysis it has been assumed that there is single
instability mode that is growing and traveling in the 4-x direction,
but the analysis can be readily generalized to all possible cases.

C. Assumed Time-Harmonic Response
The assumed time-harmonic response can be represented as

glx, 1) = g(x)e™ @)

The time dependence in Eq. (1) can be removed by replacing
d/0t — —iw, and factoring out the exp[—i wy?] term from both sides

to give

d
L<3—,X;wo>§(x) =34(x) (®)
X

Application of the Fourier transform (denoted by a tilde) to this
equation gives

D(k; wp) g (k; ) = 1 ©)

The dispersion relation D(k; wp) is the same as in Eq. (3) but with
w — wy. Also, because the time dependence is lost the inverse-
Fourier contour becomes independent of the inverse-Laplace con-
tour. Hence, the inverse Fourier-contour does not have to be de-
formed and is chosen to be along the real k axis. The spatial response
is recovered by an application of the inverse-Fourier transform

e dk eikx
g S = e 10
8(x; wp) /:w 37 Dk o) (10)

As in the preceding subsection, it is assumed that k_(wy) is the only
root of the dispersion relation. To evaluate the integral in Eq. (10),
the integration contour can be closed in the upper- (lower-)half &
plane for x > 0 (x <0), and after the application of the method of
residues, we obtain

eik,(a)o)x

D k@ Y D

§(x; wo) =

The final assumed time-harmonic response is obtained from Eq. (7).
This is an exponentially decaying response for x < 0. Thus the expo-
nentially growing solution for x > O for the space—time response is
converted into an exponentially decaying response for x < 0. There-
fore, the assumed time-harmonic response is stable. Assuming a
time-harmonic response with a real frequency is equivalent to forc-
ing the L contour to remain on the real w axis. Thus, if the space—time
initial-value problem is unstable then causality is violated by the as-
sumed time-harmonic response. Because causality is violated only
for unstable solutions, it is still satisfied for the acoustic-wave solu-
tion. This must be true because the two solutions are independent.

In the following section a simple model problem is used first
to demonstrate how an instability can be suppressed. This is fol-
lowed by a more relevant physical problem involving an acous-
tic source embedded in a plane, infinitely parallel jet flow. It is
shown how the Kelvin—Helmholtz instability in the jet can be sup-
pressed by the present solution method while the acoustic solution
is preserved. The present technique can also be used for nonparallel,
three-dimensional mean flows.

III. One-Dimensional Example
Consider the following differential equation:
% f 3 f 2 f

— +3 2—= —yif=0 12
o anx T 7 (12)

where y? is a positive real constant that couples together two waves
of group velocities +2 and +1, respectively. This simple physical
example exhibits convective instability. The impulse response of this
system was provided by Bers.’ In this section the space—time and
assumed time-harmonic responses to a periodic forcing of Eq. (12)
are provided.

A. Space-Time Response
The space—time Green’s function to a time-harmonic source is
given by the differential equation

92 92 2, _
—+3— 42— — ,1) =36 it 13
{3t2+ o+ 2o —y }g(x ) =8()e (13)

The solution is given by (see Sec. A in Appendix A)

g(X, t) — [_e—iwg(t—3x/4)/)\']{ekx/4 _ e—k,\'/4}H(x) (14)
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where A= ./(8y? — a)(z)). Equation (14) represents a growing re-
sponse in x but only when A € R (R denotes the real-number space),
thatis, wy < 4/(8)y . This is in agreement with the earlier noted char-
acteristic of a convectively unstable system, which is unstable for
only a definite range of source frequencies.

B. Assumed Time-Harmonic Response

The governing equation for this case is the same as Eq. (13), but it
is assumed that g(x, ) = g(x; wp)e~'“’. The final solution is given
by (see Sec. B in Appendix A)

glx, 1) =

o—io0(t =3x/4) e M x>0
X
X _eMA ey <0 (15)

where A =./(8y2— w(z)). Hence, as expected, the assumed
time-harmonic response is stable for all source frequencies.

IV. Sound Propagation Through
a Two-Dimensional Jet

In this example a time-harmonic energy source is immersed in a
two-dimensional jet that generates an acoustic wave that is refracted
as it moves through the jet shear layer. In addition, an instability
wave is excited in the jet shear layer that propagates in the direction
downstream of the source.

For a parallel jet the linearized continuity, momentum, energy,
and the equation of state for a perfect gas can be simplified and
written in the following form:

Jd 0
L{ —, —.,x U, t) = S(x) cos(wyt) (16)
ox ot
where
[ 0 dp(y) D ]
o — = — 0
p(y)ax dy + ()8
du 1 o
0 o b(ti(y) L2
L= ¥ p(y) dx
1 0
0 0 O -
p(y) dy
d d
0 p— pD— I
i J/Pax VPay ]
0 0
v=1" s=1 0 a17)
IR - 0
P Ax)

where 1= 09/9r +u(y)d/0x, A(x) = A exp[—(B,x* + B,y*)]. The
mean flow variables are denoted by an overbar and are given by

i(y) = uje” WD0M? (18)

1 ly—1
o) 2 yp

[ (y) — u;lu(y)

1 u 1 uj—u
+_u(y) LY, u(y) (19)
pj uj Poo U

where p = constant = 103,330 m~! kg s~2. The parameters for the
problem are selected to be M; =0.756, T; =600 K, T, =300 K,
R=287.0m?>s 2K, y=14,b=13m, A=0.001 kgm~! s73,
B, =0.04 (n(2) m™2, B, =0.32 (x(2) m~2, where M; =u;/a; and
a; = (yRT;)"/?. The source frequency w, = 76 rad/s.

Equation (16) can be solved in the space—time domain by using
an explicit time-marching scheme, or by assuming a time-harmonic
response in the frequency domain. Depending on the source fre-
quency, these techniques can yield different results as explained
next.

-4.0
-50
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Fig. 2 Comparison of the analytical solution (<) along the sideline
y =15 with numerical solution (—) obtained by a space-time solver.

A. Space-Time Solution

First, the linearized Euler equations are solved in the space—
time domain by an explicit finite-difference scheme. A fourth-order
dispersion-relation-preserving scheme is used for spatial discretiza-
tion, and a fourth-order Runge—Kutta scheme is used for time in-
tegration (see Agarwal and Morris'! for the numerical implemen-
tation details and boundary treatment). The given source frequency
excites an instability wave. This is accurately captured by the space—
time solver as can be seen in Fig. 2, which compares the numerical
solution on the line y = 15 with the analytical solution (given in Ap-
pendix B). The solution exhibits a growing spatial instability. The
numerical and analytical solutions agree well.

B. Assumed Time-Harmonic Response
Here, the response is assumed to be time harmonic. That is,

U, 1) = Ux; w)e ! (20)

if the source term in Eq. (16) is made complex. Then the governing
equation for the response is given by

L(i, 3,x> U(x, 1) = S(x) exp[—iwot] 21
dx 0Ot

with the understanding that the physical response is given by the real
part of the solution. After the substitution of Eq. (20) into Eq. (21),
replacing the time-derivative terms d/9f — —iwy and factoring out
the exp[—iwypt] term from both sides of the resulting equation, the
resulting system of equations can be manipulated to eliminate all
of the dependent variables in favor of the perturbation pressure p.
This results in the following partial differential equation:

) 1 dpy) 0 di(y) 9
D -&u|pvi—- — X p— 2
{ C(y)[ 500 dy ay T dy axay]}”

= D’A(x) (22)

where D = (—iwy + itd/dx) and V2 =9?/3x> + 3%/3y?. The oper-
ator on p in Eq. (22) is also known as Lilley’s wave operator.'? This
equation is solved here in space by a direct frequency-domain solver.
Note that the present technique is also applicable to the linearized
Euler equations in their component form. The component equations
have been reduced to a single equation only for simplicity.

The computational domain is the interval [Xyin, Xmax] X
[Vmin, Ymax] = [—250, 225] x [0, 100]. A symmetry boundary con-
dition is applied along the line y =0. The left and top boundaries
must absorb the outgoing acoustic wave. The right boundary must
absorb the acoustic, vorticity, and entropy waves that are generated
by the source. Also, the left boundary must accommodate an incom-
ing wave (see Appendix B for details). To allow for a clean passage
of the outgoing waves (no reflection), a buffer domain treatment has
been developed in the frequency domain. The basic step in the appli-
cation of this boundary condition involves surrounding the physical
domain of interest by a buffer domain in which the waves are forced
to decay exponentially away from the source, so that at the outer
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edge of the buffer domain the waves have decayed to a negligible
value.

The exponential decay in the buffer domain is achieved by re-
placing the assumed frequency of the response wy by a complex
frequency of the form

B(x) =wo+io(x) (23)

where o (x) is zero within the physical domain and takes on real
positive values for outgoing waves in the buffer domain. Numerical
experiments performed on different benchmark problems reveal that
the length of the buffer domain must be at least two wavelengths of
the outgoing wave.

The damping function o must be chosen so that its slope is zero
at the edge of the physical domain and its value rises gradually to a
maximum at the domain’s outer edge. For the present calculations
the damping function is chosen to be an exponential function. For a
one-dimensional problem the damping function takes the form

1-— exp[xxb (x)z]

1 — explk] (24

o (x) = pwy

where x, is a buffer domain coordinate that is O at the beginning of
the buffer domain and 1 at the end and has a linear variation in be-
tween and p and « are constants with values of 2 and 4, respectively.
For a two-dimensional domain the damping function is shaped like
an inverted tablecloth.

The rationale behind the use of the frequency distribution of
Eq. (23) can be understood by assuming that the imaginary part
of the frequency varies slowly over a wavelength of the outgoing
wave. This is easily accomplished by controlling the parameter «
and the length of the buffer domain. Based on this assumption, local
Fourier analysis can be carried out for the local (constant) frequency.
For outgoing waves it is observed from the dispersion relation that
increasing the imaginary part of the initially real frequency changes
the real wave number into a complex number such that the outgoing
waves are damped. Because the frequency is real in the physical
domain, the solution is unaffected in this region, but is gradually
damped in the buffer domain. For example, consider an outgoing
plane acoustic wave traveling in the +x direction. Such a wave can
be written as p(x,t) = p(x; wp) exp[—iwpt], where the assumed
time-harmonic response is given by

p(x; wp) = explikx] 25)

The wave number k is given by the dispersion relation k =wy/c.
Now if wy is replaced by B(x) =wy +io(x), where o (x) is given
by Eq. (24), then £ is transformed into a complex number with a
positive imaginary part. From Eq. (25) this clearly represents a de-
caying response in the +x direction. The same argument holds for
a wave traveling in the —x direction. Thus, the damping zones pro-
vide nonreflecting (absorbing) boundaries for the outgoing waves
by increasingly damping them as they propagate through the buffer
domain. Near the outer edge of the buffer zones, the waves decay
to a negligible value. Hence a Dirichlet boundary condition p =0
can be applied along the outer edge of the computational domain.
The damping zones are effective for outgoing waves. However, they
amplify any incoming waves. To accommodate an incoming wave,
the left boundary is placed at a sufficient distance from the ori-
gin, and the grid is stretched away from the source. Grid stretching
damps out high wavenumber waves and thus offsets the amplifica-
tion produced by the buffer zones. This procedure ensures outgoing
acoustic waves from the left-hand boundary while accommodating
an incoming wave. Note that the amplitude of the incoming wave is
governed by the source strength at the origin and is exponentially
decaying in the —x direction. Thus the incoming wave has a neg-
ligible contribution to the overall solution. However, the numerical
solution is sensitive to the boundary conditions, and it is essential
to account for the incoming wave in the boundary treatment.

The computational domain is discretized by a grid that is clustered
around y =0 to capture the sharp gradients within the shear layer.
The grid is also clustered around x =0, so that it can be stretched

out to a reasonable distance upstream and downstream of the source
location while providing a better resolution near the source. The
required grid layout is obtained by mapping the physical domain into
a computational domain by the coordinate transformations (from
Ref. 13):

= A+ L ginh~! [(ﬁ - 1) sinh(XA)] (26)
X D

_ log[(u +2 = y/Ymax)/( — 1+ ¥/ Ymax)]

=1 27
! logl(u + 1)/(u — 1] @27
where
a1 pe] L (exolx] = D(D/L) o8
2x L1+ (exp[—x]1— D(D/L)

The computational domain (£, 1) consists of uniformly spaced grid
points. Then the preimage of £ and » describes the grid layout in the
physical domain. The parameters used for the present simulation
are x =5.0, u=1.01, D= —xyjn, and L = Xpax — Xmin- A total of
N, x Ny, =440 x 300 grid points are used. The buffer domain is 70
units deep along the left, top, and right boundaries.

Equation (22) is solved using a finite difference method. The spa-
tial derivatives are approximated by second-order, central-difference
formulas. After application of the Dirichlet boundary conditions, the
finite difference equations can be written in the following matrix
form:

S.p=1 (29)

There are a total of N, x N, grid points resulting in N, x N,
unknowns p;; that are approximations of the actual func-
tion p(x,y) at the grid points (i, j). These unknowns can be
put in a one-dimensional sequence to obtain a vector form
P=1[po. pis-... pnn,—11", where py = p; j fork=i+ jN,.Sis
a sparse matrix that is banded with left and right bandwidths of
N, + 1, and [ is the right-hand side (known) or load vector. Further
details of the matrix setup can be found in Press et al.'*

The matrix S is inverted by using a direct matrix inversion method
(for example LU decomposition). The resulting solution for pressure
is found to be free of instabilities, as expected. Figure 3 shows
a comparison between the numerical and the analytical solution
for the acoustic waves along the line y = 15. Calculations with a
coarser grid N, x N, =325 x 300 showed a small discrepancy with
the analytical solution in the vicinity of x =0. This error has been
eliminated with the present, higher-resolution grid.

For reasons of efficiency, an alternative solution technique that
might be considered in the frequency domain is a time-stepping
approach by adding a pseudotime term. To illustrate this technique,
consider the linearized Euler equations in the following vector form:

U U U .
— +AQY) 7 +B() o =S(x, y)e (30)
at ax 3y

p x 106

-50 0 50 100 150

Fig. 3 Comparison of the analytical solution (<) along the sideline
y =15 with numerical solution (—) obtained by a direct, frequency-
domain solver.
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LetU= il(x; o) exp[—iwopt]. Then,
oA oU 14
—iwgU +A(y)— +B()— =S, y) (3D
ax ay

Instead of solving this elliptic equation by a direct solver, after
posing it as a boundary-value problem, it can be set up as an initial-
value problem by the addition of a pseudotime term:

. U U
— —iwoU+A@y)— +B(O)— =S, y) (32)
at ax ay

Now this parabolic equation can be solved in the space-time domain
by an explicit, time-marching scheme. The response U (x; ay) is re-
covered after the transients have died out, that is, when 0U/dt — 0.

However, this approach does not filter out the instability waves
and, in fact, leads to the same time-asymptotic solution as that ob-
tained in Sec. IV.A. To appreciate this result, let us apply the Fourier—
Laplace transform to Eq. (30) to obtain

—iwU + f(k, YU = iS(k, y)/(® — wo) (33)

where f(k, y) is the Fourier transform of A(y)d/0x + B(y)d/dy.
The dispersion relation is given by equating the determinant of the
homogeneous part of this equation to zero, that is,

o = —i det[f(k, y)] (34)

If the medium is unstable to perturbations, then for some real k,
S[w(k,)] > 0. Now, consider Eq. (32). Following the same steps as
just given, the dispersion relation for this equation is given by

w = wy — i det[f(k, y)] (35)

Note that w, is real. Therefore, if Eq. (30) is unstable to perturbations
the same must be true for Eq. (32). Thus, the addition of a pseudo-
time term to a frequency-domain formulation and the subsequent
space—time solution of the pseudo-initial-value problem maintains
causality in pseudotime and does not suppress the instability waves.
Iterative algorithms such as Jacobi and Gauss—Siedel methods are
equivalent to time-marching methods and would also include the
instability wave. Hence, a direct solver must be used to filter out the
instabilities.

V. Conclusions

In this paper a general technique to filter out instability-wave
solutions from any linear wave operator has been presented. With
the present approach sound propagation through nonuniform flows
can be calculated without having the instability waves overwhelm
the acoustic-wave solution. Earlier procedures to tackle this problem
were only approximate, and their range of validity was limited. The
present approach is also very simple to implement numerically. It is
only necessary to solve the governing equations by a direct solver
in the frequency domain. To implement the boundary conditions,
the physical domain is surrounded by an artificial buffer zone, in
which the outgoing waves are absorbed by adding positive imaginary
values to the real frequency wy of the exp[—iwyt] response. This
method also has an advantage in terms of computational time. A
three-dimensional time-domain calculation takes a very long time
to converge to a periodic steady-state solution for a given frequency.
With the frequency-domain approach the solution is obtained by
a single matrix inversion that is computationally more efficient.
This, however, is also the disadvantage of this technique because
direct matrix solvers for a three-dimensional problem require large
amounts of memory, particularly at high frequencies. Fortunately,
the memory problem can be resolved by using parallel direct solvers.
At high frequencies asymptotic methods like geometrical acoustics
can be used.

Appendix A: Coupling of Two
Waves—Analytical Solution

A. Space-Time Green’s Function

The space—time Green’s function for the problem of the coupling
of two waves forced by a time-harmonic source is obtained by first
finding the impulse response of the system, the governing equation
for which is given by

92 92 02 )
—+3 2— — X, )=8(x —0)8(t — 1) (Al
(atﬁ 2 y)g( )=8(x — )8t —7) (Al)
Because this is a linear equation with constant coefficients, the dif-
ferential equation can be solved with the source location at the origin,
and the Green’s function for the general source location is obtained
simply by replacing x — (x — ¢) and t — (¢ — 7). For convenience,
whenever the source is at the origin its location in the argument of
the Green’s function will be omitted. That is, g(x, ¢) < g(x, 10, 0).
This reduces Eq. (A1) to

92 92 92
<8_t2 + 3% +28_x2 - 2>g(x, 1 =8(x)8() (A2)

Application of the Fourier—Laplace transform defined in Eq. (2)
to the preceding equation yields

[Dk, 0)]1G(k, w) = 1 (A3)
where D(k, w) is given by
Dk, w) = —(w — 2k)(w — k) — y* (A4)

The space—time Green’s function is recovered by the application of
the inverse Fourier—Laplace transform to Eq. (A3):

d ; dk 1
gx, 1) = / et | et (AS)
, 2 P21 D(k, w)

where F is the inverse Fourier contour that is taken to be the k, axis.
To maintain causality, the inverse Laplace contour L is placed above
the largest positive imaginary value of the roots of the dispersion
relation D(k,, w) =0 that are given by

w(k,) = (3k £ /k2 —4y?) /2 (A6)

It is clear that in the range |k,| < 2y there is a branch of w for which
w; > 0. This implies that the system is unstable.

Using Eq. (A6), Eq. (AS) for the Green’s function can be written
as

g(x,z):—/ %eik"l(k,t) (A7)

4

where

do 1
Tty = | ZLeior (A8)
L2 w— (3kk K2 —4y2) /2

This integral is evaluated using the method of residues to give
1k, 1) = (2//k2 — 4y?) sin[ (k2 — 4y [2)1]e 7 3 H @)
(A9)

Using Eq. (A9), the integral in Eq. (A7) can be evaluated exactly as
(see Gradshteyn and Ryzhik'?)

g, ) =1I[V8y/t —x/2Jx=1] x H[(x —)(2t —x)] (A10)
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where [ is the modified Bessel function of the first kind. This so-
lution represents a traveling pulse. For an observer moving with a
speed V =x/t, such that 1 <V <2, Eq. (A10) can be simplified to

Ix
g(xt— >—IO[Fx]—1+Z (‘))2 (Al1)

n=1

where T'=./(8)y[(1 — V/2)(V — 1)/ V]'/?is areal positive quan-
tity. Clearly this represents a convectively unstable response.

The Green’s function for a time-harmonic source is given by the
differential equation

92 92 92
Z 43 I
<3t2 + 0tdx + x2

This Green’s function is easily obtained by the following convo-
lution in terms of the impulse-response Green’s function:

2>§(x, t; wg) = 8(x)e”' ™" (A12)

é(x,t)zf g(x, 1[0, to)e 0" diy, (t—1y) <x <2(t — 1)
0

(A13)

Substituting Eq. (A10) into Eq. (A13) yields

glx, 1) = / Iy |:\/§)/ (t —ty) — %m1|eiwotu dty
0

x H(t — 1) (Al14)
Let z=3x/4 — (t — tp). This simplifies the preceding integral to

x/4 >
gx, 1) = e—[wo[l—3(x/4)l x / Jo (_ \/g)/ 72— x_>e—[moz dz
’ Ve 16
—x/4

(A15)

The integral in Eq. (A15) can be evaluated (see Gradshteyn and
Ryzhik'?), giving

sin [/} —8y?]

w? — 8y?

gx, 1) = 270l =30/ (A16)

Letting A = /(8y? — w}) (A €R for instability), we obtain

g(x’ [) — (_efiwo(t73x/4)/)\') (e)»x/4 _ e*)w\'/‘l)H(x) (A17)

B. Assumed Time-Harmonic, Constant-Frequency Response

Because the differential equation (A12) is linear and the coeffi-
cients are time-independent, g(x, ¢) can be assumed to be periodic
in time with the frequency given by that of the source. That is,

glx, 1) = g(x; wp)e (A18)
This simplifies Eq. (A12) to
2

0 0
( w0—3lw08 —|—23

2)é(x; w) =8(x)  (A19)
Application of the Fourier transform to Eq. (A19) gives

[D(k, w0)1g(k; wp) = 1 (A20)

where D(k, w) is given by Eq. (A4). The assumed time-harmonic

Green’s function is obtained by the application of the inverse Fourier
transform to Eq. (A20):

8 (x; wp) T (A21)
X; wp) = —e  —
s =1 2 Dk w)

The upper- and lower-half k-plane roots of D(k, w) are given by
ki = By £ Ai)/4 (A22)

For x >0 (x <0) the integration contour is closed in the upper-
(lower-) half k plane, and after the application of the method of
residues the following expression for the assumed time-harmonic
response is obtained:

—iwgt

glx, 1) = g(x; wo)e

e—iwo(t—3x/4) {e—kx/ll x>0

A -t x <0 (A23)

Appendix B: Analytical Solution to Lilley’s Equation
For a time-harmonic source Lilley’s equation in the frequency
domain can be written as
1 dp a du 92
D' - 2(y)| pv? — LW [ 3 ,duE) p
p(y) dy 9y dy 9xdy
= D*S B
where D= (—iw+1d/dx), V>=03%/0x>+3%/0y*, S=Aexp
[—B(x*+ y?)], w is the source frequency, x is the streamwise co-
ordinate, y is the cross-stream coordinate. The mean flow variables
are functions of y only and are represented by an overbar. The mean
pressure p is constant, and the mean speed of sound is given by
c)={yp/pP(}".
Application of the Fourier transform defined by
o0
plk,y) = / p(x, y)e ™ dx (B2)

00

to Eq. (B1) and some rearrangement yields

d2p [ 2k da(y) ldﬁ:ldﬁ

dy? w—ki(y) dy p(y) dy
[w—ki(WP  ,|. S
+{Ty)2—k}p—_2( )[w kie(y)] (B3)

The operator on the left-hand side of Eq. (B3) is the compressible
Rayleigh operator, also known as the Pridmore-Brown operator
S=A(w/B)"? exp[—k?/(4B) — By?] is the Fourier transform of
the source S. Equation (B3) can be rearranged in the following self-
adjoint form:

d d _
—d—[b(k, y)—]ﬁ+q(k, »p =Sk, y) (B4)
y dy

where bk, ) =—1/[D’6(p)], Sk, y) =—5/[Dp(y) )],
q(k,y)=—k?/(D*p) —1/(pc*), and D= (—iw-+iki). The
Green'’s function for Eq. (B4) satisfies the following equation:

d d
5 [b(k, y)—]G(k, yIyo) +qk, y)G(k, ylyo) = 8(y — Yo)
y dy

(B5)
together with the boundary conditions
dG(k, 0
# =0, Gk, y — 00) = exp[—vy]  (B6)
Yy

where v =[k? — k2 ]'/? and ks = w/cs and ¢y is the sound speed
in the ambient medium. The locations of the branch cuts in the k
plane associated with v are shown in Fig. B1, and the branch of
the square root is chosen such that v(0) = —ik... Let ¢; and ¢, be
two linearly independent solutions for the homogeneous form of
Eq. (B5) such that ¢, satisfies the first boundary condition and ¢,
satisfies the other. The Green’s function is a combination of these



AGARWAL, MORRIS, AND MANI 87

%/ \ \‘\\\\ o i

Fig. Bl Location of the inverse-Fourier contour F and the steepest-
descent paths S; in the k plane. Also shown are the locations of the
branch points (<) and branch cuts (+++) of v and the eigenvalues of
Eq. (B3) (marked +).

functions that is continuous at y = y, and has a jump in its derivative
of —1/b(k, y) at yo. Thus, we obtain
Gk, ylyo) = [1/J (1, $)1[d1 ()2 (yo) H (Yo — ¥)

+ 2 (MP1(yo) H(y — yo)] B7)

where H () is the Heaviside function and J (¢, ¢,) is the conjunct
of the two solutions given by

J (@1, ¢2) = bk, y0) [ (30)p2(30) — d1(y0)$3(yo)]  (BY)

Note that J is independent of y, (compare Theorem 7.1 of Ref. 16).

The solution to Eq. (B1) is obtained by the application of the
inverse Fourier transform to the convolution of the Green’s function
with the source. Thus,

T c
fz—e’k"/ G(k, yly0)S(k, yo) dyo
F =T 0

—iA T (B9)
2nyP\ B P

U] [ ik, yo)e ™% ,
I = / bk, y)e K148 x —{ Mdyo}e”“ dk
F 0

p(x,y)

J [ — kit (yo)]

2
e 1 ¥ ok, yo)e ™ ;
I = k, k= /4B _ d ikx dk
2 /F¢1( ye X7 | o —kaGo) Yo (e

(B10)

where F is the Fourier contour and its location in the k plane is
shown in Fig. B1. Note that for this choice of F only the acoustic-
wave solution is obtained. For a causal response that captures the
instability wave as well, the F' contour must pass below the Kelvin—
Helmholtz instability pole k.

The integrals in Eq. (B9) will be evaluated along the sideline
y=15. On this line I; =0 because exp[—Byg]%O in the inter-
val 15 < yy < oo. Therefore, only /; needs to be evaluated. Also,
at y =15 u = 0; hence, ¢, = exp[—vy]. (¢ needs to be evaluated
numerically.) Therefore,

P, y) = ”4J5/eﬁwl
2ry P\ B Jg J

[ Y k., yo)e %
[ ey ™
0

dyo ge'™* =" dk Bl
o — ki (o)) ”]e BID

Numerical evaluation of the preceding integrals in its present
formis extremely difficult. This is because on the F contour exp[ikx]

becomes increasingly oscillatory with increasing modulus of k. This
poses a convergence issue for any integration scheme. To overcome
this oscillatory behavior, the F contour is deformed onto the path
of steepest descent. The following is an extension of the procedure
given by Noble."”

Let x =rcosf, y=rsinf, and 0 <0 < . Then using the coor-
dinate transformation

k = ks cos B, BecC (B12)
yields
ikx — vy = ikoor cos[f — 6] (B13)
On the steepest descent path
ikso cOS[B — 0] = —u” + ik, uek (B14)
This implies that
k(u) = koo cos{0 & arccos|i (u® ks ) + 1]} (B15)

where the positive (negative) sign is used for negative (positive)
values of u. Therefore, Eq. (B11) is transformed into

A T irk —k(u)? 1
X, — _ _elr ok e (u)“/4B
p(x,y) —WP,/ B w/& Tk@I

{ Y ik (w). yole ™% } sin[2.(u)]
x PR Y0087 gy b x
0

Vu? —2iks

—ru? d
[ — kit (y0)] ¢

(B16)

with A (u) =6 + arccos(iu®/ ke, + 1). From Eq. (B15) itis clear that
the steepest descent paths are a function of 6 (observer locations).
Figure B1 shows the steepest descent paths S; for three different
observer locations: S; for 6, > /2, S, for 6,=m/2, and S5 for
03 <m/2. Every S; path crosses the real k axis at k., cos(6;) and
at ko, / cos(6;). Because the branch points of v (k) always lie
between these two points, the associated branch cuts of v are chosen
in the direction shown in Fig. B1. This ensures that the S; paths do
not cross the branch cuts. To understand how the F contour can be
transformed into an S; path, consider the steepest descent path S,.
Because the original F' contour is being deformed into S,, the two
contours can be connected by arcs at infinity (C; and C;). It can be
shown that the integrals on the arcs at infinity are zero, so that

/:/ :thiZRes(k,v) (B17)
F Sy

i=1

where the last term represents a summation over all of the residues
evaluated at the poles that are crossed over while deforming the F'
contour into the steepest-descent contour. The poles in the integrand
of Eq. (B11) [or Eq. (B16)] satisty the condition

Jk)=0 (B18)

From Eq. (B8) this means that ¢; = ¢,. In other words, ¢, (or ¢,)is a
solution of the compressible Rayleigh equation [homogeneous form
of Eq. (B3)] that satisfies both the boundary conditions [Eq. (B6)].
Therefore, such solutions must be the eigenfunctions, and the wave
numbers k that satisfy Eq. (B18) must be the eigenvalues of the
compressible Rayleigh equation. For this problem there are two
eigenvalues for the compressible Rayleigh equation, one lies in the
upper-half k plane k; and other in the lower-half plane &, (Fig. B1).
The residue at either of the poles k; is given by

Res(k) = — A | gian___1
S(k;) = — —e i _
2ry P\ B dJ (k;)/dk

(ki % ;
% { @1k, yo)e 0 dyo pikix—vy (B19)
0

(@ — kit (yo)]
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Yo,
Ye

Fig. B2 Location of the critical point y, and the branch cut for the
logarithmic singularity in Eq. (B3).

Note that the term within the braces is independent of x and needs
to be evaluated only once along the line y =15. For a causal re-
sponse Res(k,) contributes to the solution for x > 0, thus yielding
an exponentially growing solution. However, for a noncausal as-
sumed time-harmonic response Res(k,) contributes to the solution
for x < 0. This is an incoming wave (traveling towards the source)
that decays exponentially away from the source.

Caution must be exercised while evaluating the y, integrals in
Egs. (B16) and (B19) because Eq. (B3) has a regular singular point
at y. given by w — ku(y.) = 0. For the velocity profile in the present
problem,

o b{w} (B20)

log(2.0)

Application of the method of Frobenius reveals that Eq. (B3) has a
logarithmic singularity at y.. Following the mathematical analysis
by Lin,'® it can be shown that for the present case the logarithmic
branch cut must connect y,. and infinity in the lower half y, plane.
The integration path in the y, plane might have to be deformed from
the real y, axis to avoid this branch cut (Fig. B2). Another issue is
the branch cutin the k plane associated with the square-root function
in Eq. (B20). To resolve this, note that for 8 < /2, on the steepest-
descent path, y, is always real and positive at the point k,,/ cos(6).
Once the branch of the square root in Eq. (B20) has been determined
at this point, the same branch can be used for all other points on the
steepest-descent contour. Thus, given the steepest-descent path the
branch cut for the square-root function must be selected in such
a manner that it is not crossed by the steepest-descent path. For
0 > /2, y. lies in the lower-half y, plane, and hence the integration
can be carried out on the real y, axis.

Now the perturbation pressure on the sideline of the jet given
by Eq. (B11) is well defined and can be evaluated with the help of
Egs. (B16), (B17), and (B19).

Acknowledgments

This work is supported in part by the NASA Langley Research
Center under Grant NAG1-01-009 (with Technical Monitor Mehdi

Khorrami). A. Agarwal also acknowledges the support of the sum-
mer internship awarded to him by the G. E. Global Research
Center.

References

IGottlieb, P., “Sound Source near a Velocity Discontinuity,” Jour-
nal of the Acoustical Society of America, Vol. 32, No. 9, 1960,
pp. 1117-1122.

2Mani, R., “The Influence of Jet Flow on Jet Noise. Part 1. The Noise
of Unheated Jets,” Journal of Fluid Mechanics, Vol. 73, No. 4, 1976,
pp. 753-778.

3Tester, B. J., and Burrin, R. H., “On Sound Radiation from Sources in
Parallel Sheared Jet Flows,” AIAA Paper 74-57, Jan. 1974.

4Dowling, A. P., Ffowcs Williams, J. E., and Goldstein, M. E., “Sound
Production in a Moving Stream,” Philosophical Transactions of the Royal
Society of London, A, Vol. 288, 1978, pp. 321-349.

SEwert, R., Meinke, M., and Schroder, W., “Computation of Trailing
Edge Noise via LES and Acoustic Perturbation Equations,” AIAA Paper
2002-2467, June 2002.

%Pierce, A. D., “Wave Equation for Sound in Fluids with Unsteady In-
homogeneous Flow,” Journal of the Acoustical Society of America, Vol. 87,
No. 6, 1990, pp. 2292-2299.

7Bailly, C., Bogey, C., and Juvé, D., “Computation of Flow Noise Us-
ing Source Terms in Linearized Euler’s Equations,” AIAA Journal, Vol. 40,
No. 2, 2002, pp. 235-243.

8Briggs, R. J., Electron-Stream Interaction with Plasmas, MIT Press,
Cambridge, MA, 1964, Chap. 3.

9Bers, A., Handbook of Plasma Physics, Vol. 1, North-Holland, Amster-
dam, 1983, Chap. 3.2.

10Huerre, P., and Monkewitz, P., “Local and Global Instabilities in Spa-
tially Developing Flows,” Annual Review of Fluid Mechanics, Vol. 22, 1990,
pp. 473-537.

11Agarwal, A., and Morris, P. J., “Generation and Radiation of Acous-
tic Waves from a 2-D Shear Layer,” Third Computational Aeroacoustics
(CAA) Workshop on Benchmark Problems, NASA CP 2000-209790, 2000,
pp- 309-314.

12Lilley, G. M., “The Generation and Radiation of Supersonic Jet Noise.
Vol IV—Theory of Turbulence Generated Jet Noise, Noise Radiation from
Upstream Sources and Combustion Noise,” U.S. Air Force Aero Propulsion
Lab., TR-72-53, Wright—Patterson AFB, OH, July 1972 (available from De-
fence Technical Information Center as AD 749 139).

3Hoffmann, K. A., and Chiang, S. T., Computational Fluid Dynamics
for Engineers, Engineering Education System, Wichita, KS, 1989, Chap. 9.

14press, W., Flannery, B., Teukolsky, S., and Vetterling, W., Numerical
Recipes in C++: the Art of Scientific Computing, Cambridge Univ. Press,
Cambridge, England, U.K., 2002, Chap. 19.

15Gradshteyn, 1. S., and Ryzhik, I. M., Table of Integrals, Series and
Products, Academic Press, New York, 2000, Chaps. 3 and 4.

16Roach, G. F., Green’s Functions, Cambridge Univ. Press, Cambridge,
England, U.K., 1999, Chap. 7.

"Noble, B., Methods Based on the Wiener-Hopf Technige, Chelsea Pub-
lishing Co., 1988, Chap. 1.

8Lin, C. C., The Theory of Hydrodynamic Stability, Cambridge Univ.
Press, 1955, Chap. 8.

A. Karagozian
Associate Editor



